Spin-superflow turbulence in spin-1 ferromagnetic spinor Bose-Einstein
  condensates by Fujimoto, Kazuya & Tsubota, Makoto
ar
X
iv
:1
40
1.
05
99
v2
  [
co
nd
-m
at.
qu
an
t-g
as
]  
31
 Ju
l 2
01
4
APS/123-QED
Spin-superflow turbulence in spin-1 ferromagnetic spinor Bose-Einstein condensates
Kazuya Fujimoto1 and Makoto Tsubota1, 2
1Department of Physics, Osaka City University, Sumiyoshi-ku, Osaka 558-8585, Japan
2The OCU Advanced Research Institute for Natural Science and Technology (OCARINA),
Osaka City University, Sumiyoshi-ku, Osaka 558-8585, Japan
(Dated: July 11, 2018)
Spin-superflow turbulence (SST) in spin-1 ferromagnetic spinor Bose-Einstein condensates is the-
oretically and numerically studied by using the spin-1 spinor Gross-Pitaevskii (GP) equations. SST
is turbulence in which the disturbed spin and superfluid velocity fields are coupled. Applying the
Kolmogorov-type dimensional scaling analysis to the hydrodynamic equations of spin and velocity
fields, we theoretically find that the −5/3 and −7/3 power laws can appear in spectra of the su-
perflow kinetic and the spin-dependent interaction energy, respectively. Our numerical calculation
of the GP equations with a phenomenological small-scale energy dissipation confirms SST with the
coexistence of disturbed spin and superfluid velocity field with two power laws.
PACS numbers: 03.75.Mn, 03.75.Kk
I. INTRODUCTION
Turbulence is a strong nonequilibrium phenomenon,
exhibiting unpredictable behavior of the velocity field,
which can result from the multiple degrees of freedom
and nonlinearity of fluid systems [1, 2]. This situation
complicates our understanding of turbulence, making it
one of the unresolved problems in modern physics.
The studies on turbulence in quantum fluids have pos-
sibility to shed new light on our understanding of tur-
bulence. In quantum turbulence (QT) for quantum flu-
ids such as superfluid helium and one-component atomic
Bose-Einstein condensate (BEC) [3–15], many quantized
vortices with quantized circulation are nucleated, form-
ing tangles. This situation is drastically different from
classical turbulence (CT) realized in classical fluids be-
cause the circulation of velocity field is not quantized in
this system. Therefore, the element of QT is more obvi-
ous than that in CT, and QT is believed to be useful for
the understanding of CT.
Recently, a new trend begins to appear in turbulence
study in atomic BECs, which is turbulence in multi-
component BECs [16–22]. Atomic BECs have various
characteristic features, one of which is a realization of
multicomponent BECs [23–25]. In this system, there ex-
ists not only a velocity field but also a (quasi) spin field.
Owing to the spin degrees of freedom, various topologi-
cal excitations such as monopole, skyrmion, knot, domain
wall, and vortex appear. Therefore, in this system, one
expects novel turbulence, in which both the velocity and
spin fields are much disturbed and various topological
excitations are generated. Thus, this kind of turbulence
should give us new observations for turbulence not found
in conventional systems.
Previously, we studied turbulence in a spin-1 ferro-
magnetic spinor BEC, which is a typical multicomponent
BEC [17]. In this turbulence, the spin field is disturbed,
so that we call it spin turbulence (ST). In our previous
study, we focused on the spectrum of the spin-dependent
interaction energy corresponding to the spin correlation,
finding the characteristic −7/3 power law. However, this
observation sees only one side of ST. In ST, the velocity
and spin fields interact with each other, so that a cou-
pled turbulence with two fields can be realized, lending
the possibility of showing a property of the velocity field
not seen in conventional CT and QT. Studying the both
sides of turbulence completes the story.
In this paper, we treat this problem, focusing on the
spectrum of the superflow kinetic energy in a spin-1 fer-
romagnetic spinor BEC. The spectrum of the kinetic en-
ergy is theoretically and numerically found to show a
Kolmogorov spectrum through the interaction between
the spin and velocity fields. The Kolmogorov spectrum
refers to the −5/3 power law in the kinetic energy spec-
trum, which is known to appear in CT and QT [1–3].
This spectrum is considered to be related to the vortex
dynamics, so that it is significant to confirm it for under-
standing the turbulence addressed here. Furthermore,
when the −5/3 power law is sustained, the spectrum of
the spin-dependent interaction energy exhibits a −7/3
power law simultaneously. Therefore, we obtain the cou-
pled turbulence with the disturbed spin and superfluid
velocity fields sustaining the two power laws, anew call-
ing it spin-superflow turbulence (SST) instead of ST.
II. FORMULATION
We consider a BEC of spin-1 bosonic atoms with mass
M at zero temperature without trapping and magnetic
fields. This system is well described by the macroscopic
wave functions ψm (m = 1, 0,−1) with magnetic quan-
tum number m, which obey the spin-1 spinor Gorss-
Pitaevskii (GP) equations [26, 27] given by
i~
∂
∂t
ψm = − ~
2
2M
∇
2ψm + c0ρψm + c1F · Fˆmnψn.(1)
2In this paper, Roman indices that appear twice are to
be summed over −1, 0, and 1, and Greek indices are to
be summed over x, y, and z. The parameters c0 and
c1 are the coefficients of the spin-independent and spin-
dependent interactions, which are expressed by 4π~2(a0+
2a2)/3M and 4π~
2(a2 − a0)/3M , respectively. Here, a0
and a2 are the s-wave scattering lengths corresponding
to the total spin-0 and spin-2 channels. The total density
ρ and the spin density vector Fµ (µ = x, y, z ) are given
by ρ = ψ∗mψm and Fµ = ψ
∗
m(Fˆµ)mnψn, where (Fˆµ)mn
are the spin-1 matrices. The sign of the coefficient c1
drastically changes the spin dynamics. In this paper, we
consider the ferromagnetic interaction c1 < 0.
In this paper, we focus on the energy spectra for the
superflow kinetic and the spin-dependent interaction en-
ergy. The kinetic energy of superfluid velocity v per unit
mass is given by
Ev =
1
2N
∫
drAv(r)
2, (2)
where Av =
√
ρv and N is a total particle number. The
superfluid velocity vµ is given by
vµ =
~
2Mρi
(
ψ∗m∇µψm − ψm∇µψ∗m
)
. (3)
By using the Fourier series Av(r) =
∑
k
A˜v(k)e
ik·r, we
define the spectrum for the kinetic energy per unit mass:
Ev(k) = 1
2ρ0∆k
∑
k<|k1|<k+∆k
|A˜v(k1)|2, (4)
where ∆k and ρ0 are given by 2π/L and N/L
nd, respec-
tively, with system size L and spatial dimension nd. Sim-
ilarly, the spectrum of the spin-dependent interaction en-
ergy per unit mass is defined by
Es(k) = c1
2Mρ0∆k
∑
k<|k1|<k+∆k
|F˜ (k1)|2, (5)
where F˜ (k) is defined by F [F (r)] with the Fourier trans-
formation F [·] = ∫ · e−ik·rdr/V and V = Lnd .
III. KOLMOGOROV SPECTRUM AND SPIN-1
SPINOR GP EQUATIONS
We discuss the possibility for a Kolmogorov spectrum
in SST with hydrodynamic equations obtained from Eq.
(1). These hydrodynamic equations are derived in [28],
being composed of the equations of the total density ρ,
the superfluid velocity v, the spin vector fµ = Fµ/ρ,
and the nematic tensor nµν = ψ
∗
m(Nˆµν)mnψn/ρ with
(Nˆµν)mn = [(Fˆµ)ml(Fˆν)ln + (Fˆν)ml(Fˆµ)ln]/2.
We apply the following three approximations to these
hydrodynamic equations: (i) the macroscopic wave func-
tions are expressed by the fully magnetized state, (ii) the
total density is almost uniform (ρ(t) ∼ ρ0), and (iii) the
magnitude of velocity v is much smaller than the density
sound velocity Cd =
√
c0ρ0/2M . These similar approx-
imations are discussed in our previous papers [17, 18].
The approximation (i) leads to the relation between the
spin vector and nematic tensor [28]:
nµν =
δµν + fµfν
2
. (6)
Thus, by eliminating the nematic tensor in the hydrody-
namic equations of [28], we obtain the following equations
∂
∂t
ρfµ +∇ · ρvµ = 0, (7)
vµ = fµv − ~
2M
ǫµνλfν(∇fλ), (8)
∂
∂t
vµ + vν∇νvµ − ~
2
2M2
∇µ
∇2ν
√
ρ
ρ
+
~
2
4M2ρ
∇νρ
{
(∇µfλ)(∇νfλ)− fλ(∇µ∇νfλ)
}
= − 1
M
{
c0(∇µρ) + c1fν(∇µρfν)
}
. (9)
With the approximations (ii) and (iii), Eqs. (7) - (9)
become
∂
∂t
fµ ∼ ~
2M
ǫµνλ∇ · [fν(∇fλ)], (10)
∂
∂t
vµ + vν∇νvµ ∼ − ~
2
4M2
∇ν
{
(∇µfλ)(∇νfλ)
−fλ(∇µ∇νfλ)
}
. (11)
In Eq. (11), the inertial term vν∇νvµ is smaller than the
other terms [29], but we retain this term for the following
explanation.
We apply a Kolmogorov-type dimensional scaling anal-
ysis [30, 31] to Eqs. (10) and (11), obtaining the −5/3
power law. We consider the scale transformation r → αr
and t → βt. Then, if fµ and vµ are transformed to
fµ → α2β−1fµ and vµ → αβ−1vµ, Eqs. (10) and (11) are
invariant. Thus, the velocity field satisfies vµ ∼ Λvrt−1
with a nondimensional coefficient Λv. Then the spatial
and temporal dependence of Av is same as that of v,
which leads to (Av)µ ∼ ΛArt−1 with ΛA = √ρ0Λv.
Thus, in SST, the spectrum of the superflow kinetic en-
ergy can be determined by the kinetic energy flux ǫv and
the coefficient Λv, which, by using a Kolmogorov-type
dimensional analysis, leads to
Ev(k) ∼ Λ2/3v ǫ2/3v k−5/3. (12)
3The coefficient Λ
2/3
v is nondimensional, which corre-
sponds to the Kolmogorov constant in CT. Therefore,
the spectrum of the kinetic energy of SST can obey the
Kolmogorov spectrum.
Applying a similar analysis to the spin field, we obtain
the relation fµ ∼ Λfr2t−1 with a dimensional coefficient
Λf , which leads to the −7/3 power law given by
Es(k) ∼ Λ2/3s ǫ2/3s k−7/3 (13)
with the spin-dependent interaction energy flux ǫs and
a dimensional coefficient Λs = Λf
√
|c1|ρ0/M . This was
discussed in the previous study [17, 18].
We note that this −5/3 power law in SST is much dif-
ferent from that in CT. In three (two)-dimensional CT,
there is the direct (inverse) energy cascade, where the
−5/3 power law is generated by the inertial term vν∇νvµ
in the Navier-Stokes equation [1, 2]. On the contrary, in
SST, the spatial gradient of the spin vector in Eq. (11)
leads to the −5/3 power law because, in Eq. (11), the or-
der estimation [29] finds that the inertial term is smaller
than the nonlinear spin term in the range kξρ & 0.1 with
the density coherence length ξρ = ~/
√
2Mc0ρ0. This sug-
gests that the mechanism responsible for the −5/3 power
law in SST should be different from that in CT.
Finally, the assumptions used in the derivation of the
−5/3 and −7/3 power laws are discussed. We use five
assumpotions, which are (i) the macroscopic wave func-
tions are expressed by the fully magnetized state, (ii)
the total density is almost uniform (ρ(t) ∼ ρ0), (iii) the
magnitude of velocity v is much smaller than the density
sound velocity Cd, (iv) the spin and velocity fields are
scale invariant, and (v) the energy flux is independent of
the wave number. It is difficult to theoretically confim
the validity of these assumptions. Then, we consider that
the validity may be indirectly confirmed if the −5/3 and
−7/3 power laws based on these assumptions appear in
the numerical result.
In the following, we show our numerical method and
results to confirm these theoretical considerations.
IV. NUMERICAL METHOD
A. Small-scale energy dissipation
In our numerical calculation, we introduce a phe-
nomenological small-scale energy dissipation term into
Eq. (1) for the following reasons. In three-dimensional
CT, an energy cascade from low to high wave number
is assumed, and the energy in the high-wave-number re-
gion is considered to dissipate [1, 2]. Unless this kind of
dissipation takes place, energy accumulates in the high-
wave-number region, which can break the power law in
the spectrum.
Based on this description of the energy cascade in
three-dimensional CT, in the previous study of QT in
the one-component BECs [8], a phenomenological small-
scale dissipation was added to the one-component GP
equation given by
(
i− γ(k))~ ∂
∂t
ψ˜(k) =
~
2k2
2M
ψ˜(k)
− µ(t)ψ˜(k) + p(k), (14)
p(k) = F [g|ψ(r)|2ψ(r)], (15)
where the macroscopic wave function and the interaction
coefficient for the one-component BEC are denoted by
ψ and g, respectively. ψ˜(k) is the Fourier component
F [ψ(r)] of this wave function. The function γ(k) is de-
fined by γ0θ(k − koneρ ) with the step function θ and the
strength of dissipation γ0, which dissipates the energy in
the high-wave-number region larger than the wave num-
ber koneρ corresponding to the coherence length in the one-
component GP equation. Also, this dissipation reduces
the particle number, so that, in the study of Ref. [8], the
chemical potential is adjusted for it’s conservation. Thus
the chemical potential µ(t) has a time dependence.
We introduce a similar phenomenological dissipation
term into the spin-1 spinor GP equations (1). In a spin-
1 spinor BEC, there are two characteristic lengths: the
density coherence length ξρ and the spin coherence length
FIG. 1: (Color online) Spatial distribution of the x compo-
nents and the rotations for the velocity and spin fields in SST
at t/τ = 700. (a) and (b) show the x components for the
velocity v and spin F fields, and (c) and (d) show the z com-
ponent of their rotation. The system size is 256ξρ × 256ξρ.
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FIG. 2: (Color online) Time dependence of the spectrum of spin-dependent interaction (upper) and superflow kinetic (lower)
energy at t/τ = (a) 200, (b) 400, (c) 500, and (d) 700. The dotted lines in the upper and lower graphs are proportional to
k−7/3 and k−5/3, respectively.
ξs, which are defined by ~/
√
2Mc0ρ0 and ~/
√
2M |c1|ρ0.
In the usual experiments, |c0/c1| is larger than unity,
which leads to the condition ξρ < ξs. The size of the
spin structure such as the spin domain wall and the spin
vortex is on the order of ξs. With reference to QT in
the one-component BEC, we expect that the energy dis-
sipation occurs for wave numbers greater than the wave
number ks corresponding to the spin coherence length ξs.
Therefore, we add a phenomenological small-scale energy
dissipation to Eq. (1), which is given by
(
i− γs(k)
)
~
∂
∂t
ψ˜m(k) =
~
2k2
2M
ψ˜m(k)
− µsψ˜m(k) + hm(k), (16)
h(k) = F [c0ρ(r)ψm(r) + c1F (r) · Fˆmnψn(r)], (17)
where ψ˜m(k) and γs(k) is defined by F [ψm(r)] and
γ0θ(k − ks). In the previous study, the chemical poten-
tial has a time dependence in order to conserve the total
particle number. However, in our calculation, we do not
adjust the chemical potential µs, because the total par-
ticle number hardly decreases in SST.
B. Numerical parameters and the initial state
We describe the parameters and the initial state in
our numerical calculation of Eqs. (16) and (17). All
our numerical results are obtained in a two-dimensional
system, whose size is 256ξρ × 256ξρ. To generate SST,
we prepare the dynamically unstable state as the initial
state, which is the counterflow state [17]. This state is
given by

 ψ1ψ0
ψ−1

 =
√
ρ0
2

 exp(i
MVR
2~
x)
0
exp(−iMVR
2~
x)

 , (18)
with a relative velocity VR. In our numerical calculation,
we set VR/Cd = 24πξρ/L ∼ 0.294. The dependence of
numerical result on VR is discussed in Sec. VI A. The
usual experimental ratio |c0/c1| for 87Rb is about 200
[33], but, in our numerical calculation, we set |c0/c1| = 20
with a positive c0 and negative c1 to grow the dynamical
instability quickly. We use the strength of the dissipation
γ0 = 0.03 and the chemical potential µs = c0ρ0. In the
initial state, we add a small white noise contribution to
cause the counterflow instability.
V. NUMERICAL RESULTS
A. Spectrum of superflow kinetic and
spin-dependent interaction energy
Figures 1(a) and 1(b) show the distribution of the x
components of the velocity and spin fields in SST at
t/τ = 700 with τ = ~/c0ρ0. Through the counterflow
instability, these two fields are disturbed. The z com-
ponents of the rotation for these two fields are shown in
Figs. 1(c) and 1(d), where the rotations are also dis-
turbed [32]. In a spin-1 spinor BEC, the superfluid ve-
locity is related to the spin field through the Mermin-
Ho relation, so that the vortical field can be continuous,
which is much different from the one-component BEC
[24, 25, 28]. Actually, as seen in Fig. 1(c), the vortical
field [rotv]z has a smooth spatial dependence.
5The time development of the spectrum of the spin-
dependent interaction and the superflow kinetic energy
is shown in Fig. 2. In the early stage of the instability,
as shown in Fig. 2(a), these spectra have a peak corre-
sponding to the most unstable wave number kinξρ ∼ 0.2
for the counterflow instability, which was theoretically
obtained by using the Bogoliubov-de Gennes equations
for this initial state [17]. This wave number kin is the
energy injection scale. As time progresses, the energy
is transferred from low to high wave number, as seen in
Fig. 2(b). After time t/τ = 500, the spectra of the veloc-
ity and the spin-dependent interaction energy exhibit the
−5/3 and −7/3 power laws in Figs. 2(c) and (d). In Fig.
2 (d), the range 0.1 . kξρ . 0.6 of these scaling laws is
not so wide, but the scaling behavior is consistent with
our consideration in Sec. III. Therefore, we conclude that
our numerical result confirms the -5/3 and −7/3 power
laws.
We comment on the scaling range. This narrow scaling
range may come from how to excite to the initial state.
As shown in Fig. 2(a), the energy is injected at the wave
number kinξρ ∼ 0.2, which roughly determines the lower
limit of the scaling range. Therefore, if we use another
method with lower kin for generating SST, the scaling
range may be wider.
In our calculation, the −5/3 power law applies in the
range 500 < t/τ < 700. For t/τ > 800, we confirm that
the spectrum of the kinetic energy begins to deviate from
the −5/3 power law as shown in Fig. 3; this is caused
by the shortage of energy in the low-wave-number region
and the energy accumulation near ks. On the other hand,
the −7/3 power law in the spectrum of spin-dependent
interaction energy sustains even for t/τ > 800. As time
sufficiently passes, the spectrum in low wave number re-
gion grows, and this spectrum has a configuration sim-
ilar to that in our previous study [17]. This growth is
discussed in Sec. VI. B.
Finally, we comment on what happens if the energy
dissipation is absent. We perform numerical calculation
without the dissipation, which shows two following be-
haviors: (i) The spectrum of superflow kinetic energy still
shows the−5/3 power law, but the time period sustaining
this power law becomes shorter, and (ii) the fluctuation
of the spectrum is larger. These similar behaviors were
observed in the previous study for QT of one-component
BEC too [8].
B. Decomposition of kinetic energy
We now consider what structure of velocity field leads
to the Kolmogorov −5/3 power law in SST. In QT, the
vortical velocity field seems to be important for the Kol-
mogorov spectrum. Then, to investigate the vortical flow
of Av =
√
ρv in SST, we decompose the vector Av into
incompressible Aiv and compressible Acv parts [6]. The
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FIG. 3: (Color online) Time dependence of the spectrum
of spin-dependent interaction (upper) and superflow kinetic
(lower) energy at t/τ = (a) 800 and (b) 1500. The dotted
lines in the upper and lower graphs are proportional to k−7/3
and k−5/3, respectively.
Helmholtz theorem leads to Av = Aiv +Acv, where the
relations divAiv = 0 and rotAcv = 0 are satisfied. Thus,
the superflow kinetic energy per unit mass is expressed by
Ev = Eiv + Ecv with Eα =
∫
A
2
αdr/2N (α = v, iv, cv).
Using the Fourier series Aα(r) =
∑
A˜α(k)e
ik·r (α =
v, iv, cv), we can define the spectra for each kinetic en-
ergy per unit mass as
Eα(k) = 1
2ρ0∆k
∑
k<|k1|<k+∆k
|A˜α(k1)|2. (19)
We calculate the time dependence of Eα in Fig. 4(a);
one can see that the incompressible superflow kinetic en-
ergy is much larger than the compressible one. This can
be caused by (i) the condition |c0/c1| ≫ 1, under which
the total density is hard to disturb, and (ii) the dissipa-
tion, which prevents the total density modulation from
accumulating. Figure 4(b) shows the spectrum Ecv of the
compressible kinetic energy at t/τ = 700, which deviates
from the −5/3 power law in comparison with Ev in Fig.
2(d). Therefore, the vortical structure ofAv is significant
for the Kolmogorov spectrum in SST, which is similar to
the situation of QT.
C. -5/3 power law generated by the nonlinear spin
term
We numerically confirm that the −5/3 power law in
SST is different from that in CT. In Sec. III, we point
out that the −5/3 power law in SST originates from the
nonlinear spin term of Eq. (11). The magnitude of the
inertial and nonlinear spin terms is dependent on the
scale, so that we perform the Fourier transform for these
610
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FIG. 5: (Color online) The ratios Bµ(k)/Cµ(k) (µ = x, y) at
t/τ = (a) 500 and (b) 700.
two terms, comparing the magnitude of the Fourier com-
ponents in order to confirm the argument of Sec. III.
Specifically, we numerically calculate the following quan-
tities:
Bµ(k) =
∑
k<|k1|<k+∆k
|bµ(k1)|, (20)
Cµ(k) =
∑
k<|k1|<k+∆k
|cµ(k1)|, (21)
where bµ(k) and cµ(k) are defined by
bµ(k) = F [vν∇νvµ], (22)
cµ(k) = F
[
~
2
4M2
∇ν
{
(∇µfλ)(∇νfλ)− fλ(∇µ∇νfλ)
}]
.(23)
Figure 5 shows the wave number dependence of
Bx(k)/Cx(k) and By(k)/Cy(k). One sees that the non-
linear spin term Cµ(k) is larger than the inertial term
Bµ(k), and these ratios are about 0.3 ∼ 0.07 in the scal-
ing range 0.1 . kξρ . 0.6 of Fig. 2 where the −5/3 power
law appears. Thus we can consider that the Kolmogorov
spectrum in SST is generated by the nonlinear spin term.
VI. DISCUSSIONS
A. Dependence of the spectra on VR
We now discuss the dependence of the spectra of the
superflow kinetic and spin-dependent interaction energy
on VR.
When the relative velocity VR is large, the period sus-
taining the Kolmogorov spectrum in the superflow kinetic
energy is numerically confirmed to become short. This
can be caused by the following two reasons. One is (i)
modulation of total density, and the other is (ii) high en-
ergy injection wave number. As for (i), when the relative
velocity is large, the total density is easy to fluctuate,
which leads to the growth of the compressible velocity
field. Actually, we numerically confirm the increase of
the compressible kinetic energy. In our derivation of the
power law, the uniformity of the total density is assumed,
so that this increase shortens the time period sustaining
the Kolmogorov spectrum. As for (ii), the most unstable
wave number becomes high when the relative velocity is
large [17], which leads to the high injection wave number
kin. As discussed in Sec. V. A, this generates the narrow
scaling range, which disturbs the appearance of the power
law. Because of the above reasons, in our calculation, we
set VR/Cd = 24πξρ/L ∼ 0.294.
On the other hand, in the spectrum of spin-dependent
interaction energy, the −7/3 power law can appear even
under the condition of large relative velocity. This was
confirmed in our previous study [17]. At present, we do
not understood why this spectrum can exhibit the −7/3
power law independently of the relative velocity.
B. Possibility of inverse energy cascade in SST
In this paper, we perform the two-dimensional numer-
ical calculation for SST, so that the possibility of inverse
cascade in SST is discussed.
As briefly described in Sec. III, in three-dimensional
CT, the kinetic energy is transported from low wave num-
bers to high ones, which is called direct energy cascade.
However, in two-dimensional CT, the energy inverse cas-
cade occurs, where the kinetic energy is transported from
high wave numbers from low ones. This inverse cascade
is caused by the conservation of ensthropy as well as that
of kinetic energy in two-dimensional fluid system [1, 2].
At present, we consider that the inverse energy cas-
cade for superflow kinetic energy does not occur in the
two-dimensional SST because the enstrophy in ferromag-
netic spin-1 spinor BEC is not conserved. Actually, our
numerical calculation does not exhibit the sign of the en-
ergy inverse cascade in the superflow kinetic energy.
On the other hand, as for the spin-dependent inter-
action energy, the inverse energy cascade may occur be-
cause our previous study and Fig. 3 seem to exhibit the
7growth of spectrum of spin-dependent interaction energy
in low wave number region as the time sufficiently passes.
This growth may be caused by the ferromagnetic inter-
action since it tends to align the spin density vector and
make the spin domain. However, as shown in Fig. 2, the
spectrum apparently seems to exhibit the sign of direct
energy cascade. Thus, at the moment, we does not suf-
ficiently understand the direction of energy cascade for
the spin-dependent interaction energy.
VII. CONCLUSION
We theoretically and numerically studied SST in a
spin-1 ferromagnetic spinor BEC at zero temperature by
using the spin-1 spinor GP equations, finding that both
the −5/3 and −7/3 power laws appear in the spectrum of
the superflow kinetic and the spin-dependent interaction
energy. First, we discussed the possibility for the Kol-
mogorov spectrum in SST, pointing out that this spec-
trum can be generated by the nonlinear spin term. Sec-
ond, we showed the numerical results of the spin-1 spinor
GP equation with the phenomenological small-scale en-
ergy dissipation, whereby SST in the two-dimensional
system was obtained by the counterflow instability. Our
numerical results indicated that both the −5/3 and −7/3
power laws appeared. Furthermore, we estimated the
magnitude of the inertial term and the nonlinear spin
term of Eq. (11) in the wave number space, numerically
confirming that the Kolmogorov spectrum in SST can be
generated by the latter term.
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